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Ahatraet-A fully developed laminar flow field and temperature field in a pipe rapidly rotating around 
a perpendicular axis are analyzed theoretically, by assuming velocity and temperature boundary layers 
along the pipe wall. The resistance coefftcient and the Nusselt number are obtained in the region of large 
values of (N/x). The parameter N is the product of Re and &, where (5 is the ratio of Coriolis force to 
viscous force, and x represents the effect of Coriolis force caused by the secondary flow. It is shown that 
the resistance coeSicient and the Nussch number increase remarkably, due to a secondary flow driven 
by Coriolis force. It is also shown by analyxing the two wag temperature conditions, i.e. the constant 
wall temperature gradient and the uniform wag temperature, that the Nusselt number is almost the same 

for both these conditions. 

NOMRNCLATURE 

A, w1 at the center of a cross section 
perpendicular to the pipe axis ; 

A’, g1 at the center of a cross section 
perpendicular to the pipe axis ; 

a, radius of the pipe ; 

c, = -(W/i%); 

CP specific heat of fluid at constant pres- 
sure ; 

D, intensity of the secondary flow in the 
flow core [dimensionless] ; 

fi,,j&, tangential stresses in the z direction 

G, 
f?, 
k 
N, 
m, 
NW 
Nu,, 

p, 
P’S 
Pr, 
P? 

of fluid ; 
=T, - T; 
dimensionless temperature, = G/U ; 
heat conductivity of fluid ; 
=Q Re; 
normalized constant ; 
Nusselt number, = 2aQ,lk(T, - T,) ; 
Nusselt number for the Poiseuille flow 
(48/11 for constant heat flux case, 
3.66 for isothermal case) ; 
dimensionless pressure, = (a’/v’)(p/p) ; 
=P - (#6w; 
Prandtl number ; 
pressure ; 

T, 
T m, 
T, 
U, 

V, 

W, 

w,, 

x, 
2, 

heat flux at the wall to the fluid ; 
heat flux in the fluid ; 
Reynolds number, = 20 WJv ; 
co-ordinate in radial direction in a 
cross section perpendicular to the pipe 
axis ; 
temperature ; 
mixed mean fluid temperature ; 
wall temperature ; 
radial component ofvelocity, u = Us/v 
[dimensionless] ; 
circumferential component of velo- 
city, v = Vu/v [dimensionless] ; 
axial component of velocity, w = 
Wu/v [dimensionless] ; 
mean velocity, w,,, = W&/v [dimen- 
sionless J ; 
equation (72) ; 
co-ordinate along the pipe axis, z = 
Z/a [dimensionless]. 

Greek symbols 
ab, the minimum eigenvalue, a0 = aab ; 
4 dimensionless thickness of velocity 

boundary layer ; 
1027 



YASUO MORI and WATARU NAKAYAMA 

dimensionless thickness of thermal 
boundary layer ; 
=6,/h ; 
= R/a; 
=r/a; 
resistance coefficient, 

ap 2a = ( > -- 
az tp;’ 

resistance coefficient for the Poiseuille 
flow, = 64/Re ; 
=1 + (4d2/Re2)(Z/a) ; 
viscosity ; 

=L(IP; 
=l -q; 
density ; 

= (a2/v2)(Ldd ; 
= (a2/v2&/d ; 
temperature gradient along the pipe 
axis (constant) ; 
circumferential co-ordinate in a cross 
section perpendicular to the pipe axis ; 
parameter, =,/Cl + 1.25 (b/Re)2] - 
l-118 (Q/Re); 
angular velocity of the pipe ; 
= 2a20/v. 

Subscripts 

0, value at the pipe wall ; 

1, value in the flow core region ; 

m, mean value taken around the peri- 
phery (JI = --IC - R); 

6, value at < = 6; 
6 TV value at 4 = &. 

1. INTRODUCI’ION 

THE INCREASE in the turbine inlet temperature of 
gas turbine engines is an urgent need today to 
obtain a higher efficiency in the engines of 
aircraft, ships and many other industrial faci- 
lities. Parallel with the evolution of metals 
working in high temperature, several methods 
of cooling rotor blades have been tried and 
developed Cooled blades are widely used in 
modem engines. Commonly used methods are 
those of radial pass cooling and therm0 syphone. 

The former is achieved by flowing a cooling 
fluid through narrow radial passes in a blade, 
while in the latter, holes with closed ends at the 
tip of each blade are filled with coolants. 
Fundamental understanding and design data of 
these methods are still short, and there is a 
need for more knowledge about heat-transfer 
mechanisms in these narrow passages. 

The purpose of the present study is to investi- 
gate, theoretically and experimentally, heat 
transfer in a straight circular pipe rotating 
around the vertical axis. In this paper, a theo- 
retical analysis in a laminar region is reported. 
It is thought that Coriolis force causes a 
secondary flow in a rotating pipe, and the 
secondary flow makes the heat-transfer rate 
higher than that in a stationary pipe. As a 
matter of course, practical interest is in the 
area of flow rate and rotating speed where 
the secondary flow is intense and makes a 
remarkable effect on the heat-transfer rate. 

When a body force working on a fluid is in 
the direction vertical to the pipe axis, a second- 
ary flow is produced. The authors have reported 
thestudies of cases when an effective secondary 
flow is caused by centrifugal force and buoyancy 
[14]. Under the strong effect from secondary 
flows, the velocity and temperature distributions 
in a pipe have a characteristic profile showing 
that their gradient of change is moderate in 
most of the regions of a cross section of the pipe 
and a steep gradient is found only in a thin 
layer adjacent to the pipe wall. It is shown 
that the effect of secondary flow predominates 
over almost the whole of a cross section except 
in the neighborhood of the pipe wall, and the 
influence of viscosity and heat conduction is 
confined mainly to the same very thin layer 
next to the wall. In order to analyse heat 
transfer in this kind of flow, flow and tempera- 
ture fields may be divided into two regions, a 
core region occupying a greater part of the 
pipe and a boundary layer next to the wall. 

In the present paper, the flow is assumed to be 
steady and fully developed, and analysis done 
by the flow code and boundary-layer concept. 
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The analytical procedure is the same as that 
used by the authors for a curved pipe and for a 
straight pipe rotating around a parallel axis 
[L 41. 

2. THE ANALYSIS OF THE FLOW 

IN A ROTATING .PlPE 

2.1. The fundamental equations 
The system of co-ordinates is taken as shown 

in Fig. 1. The symbol a is a radius of the pipe, 
w is angular velocity and 2 is the co-ordinate 
taken along the pipe axis from the axis of 
rotation toward the outer side and 2 >, r 
is assumed. 

(0) (b) 

FIG. 1. System of co-ordinates. 

Since a secondary flow is set up as shown in 
Fig 1, we take circumferential co-ordinate + 
from the stream line of the secondary flow 
passing through the center of a cross section. 

The velocity components of r- , #- and 
Z-direction are denoted respectively U, V, W the 
pressure p, density p and the kinematic viscosity 
v. The following nondimensional quantities 
are defined : 

rl = r/a, u = Vu/v, v = Vu/v 

w = Walv, 2 = Z/a, P = W/v2)Wd. 
We denote the tangential stress on a small 
volume of the fluid as shown in Fig. 2 as f,, 
fti and the nondimensional quantities as 
rzl = (a2/v2) (UP), r, = Wlv2) U.&/P). Then 
the force balance equation in the direction of 

the pipe axis is expressed as follows ; 

+Q(ucoslf9 - VSinIji) (1) 

where Q = 2ab/v. The second term in the 
right-hand side of equation (1) represents the 
centrifugal force ; the third term the Coriolis 
force*in the direction of the pipe axis. 

FIG. 2. Shear stresses exerting on a small element of hid. 

T&se terms are characteristic to the present 
problem and do not appear in the equations 
for a curved pipe [l, 21, a horizontal pipe [3], 
or a circular pipe rotating around a parallel 
axis [4]. 

The tangential stress may be expressed as 
follows: 

aw 7 
z 
=q = atl - WV 

aw 
i 

(2) 
?,* = -g-$ - VW. 

Now the pressure term is divided into that 
due to centrifugal force and that due to second- 
ary flow, and written so that 

P = #w + P. (3) 

For a fully developed flow, the z-direction 
gradient of P’ is constant. Hence we have : 

- (aP’/az) = C (constant). (4) 

2.2. Velocity in thejlow core 
Most of the pipe is occupied by the flow core. 
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We give a subscript 1 to the symbols in the flow 
core region where stresses caused by the 
secondary flow predominate. 

We put rzl = -u1w1, rs* = -uiwi, m equa- 
tion (2) and substitute these into equations 

(l-4 

awl v1 awl uiT +Tw + Q(u,cos* - v,sin*) = C. 
(a) 

FIG. 3. w and g. 

(b) 

(5) 

Since the pressure gradient and the Coriolis 
2.3. The velocity distribution in the boundary 

force in a cross section are assumed to be in 
layer 

balance with each other in the flow core, 
The boundary-layer approximation can be 

applied to a thin layer next to the wall. In 

api - = (3 wi cos 9 
this sense, the layer is called a boundary layer. 

all The dimensionless thickness of the boundary 

ap, 
(6) layer, the thickness divided by the pipe radius a, 

-= is denoted by b(< 1) and the distance from the 
vati 

- Q wi sin $. 
1 pipe wall is denoted by <( = 1 - r~). 

Therefore, the secondary flow is approximated So as to satisfy the boundary conditions ; 

by a uniform flow as shown in Fig. 1. So as to 
satisfy the equation of continuity, a(r~u,)/q as at {=S w = WI.53 

aw aw, 

+ au& a$ = 0. We put radial velocity com- 
z=- a4 

ponent u and circumferential component Y as shown by the dotted lines in Fig. 3, we put w 

as follows, using constant D, in the boundary layer as follows: 

Ul = D cos @, ut = - Dsin$. (7) 

From equation (6), the following condition is 
obtained, 

awl -cos$ + 
vati 

3 sin $ = 0. 
att 

(8) where the suffi 6 represents the value at the 

As a particular solution to satisfy equations 
edge of the boundary layer. 

(5) and (8), wi is expressed as follows; 
SO as to satisfy u = vl, aqay = 0 at 5 = 6 

and also the condition of the flux continuity of 

(9) 
the secondary flow in the flow core and in the 
boundary layer (1) we put the circumferential 

where A is constant. Equation (9) is different 
velocity component v as follows, 

from the expression of wi for a curved pipe [ 1,2] U= 

only by the term Qtl cos @ representing the effect 
- Dsin+ [(-:+6);+(;-9) 

of Coriolis force in the direction of the pipe 
axis. 

The axial velocity wi of equation (9) repre- 
x;+ (-?+4)$]. (11) 

sents a distribution described by a solid line in Since we are considering a fully developed flow, 
Fig. 3. the thickness of the boundary layer 6 is constant 
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in the direction of the pipe axis (z) but varies 
with $. 

However,since the variation is assumed to be 
very small [ 1],6 is regarded as the mean value 
between $ = --II and I/I = x and it is treated 
as a constant hereafter. 

2.4. The relation between A, C, D and 6 
When the Reynolds number is given, it is 

necessary to know the quantities A, D, C and 6 
in the equations of velocity distributions (7.9, 10, 
11). There are two equations relating A and 
C to 6 as shown below. One of them is the 
expression of the mean velocity of fluid in the 
pipe W,. When the Reynolds number is defined 
as Re = 2aW,/v. the nondimensional mean 
velocity w, is expressed as follows ; 

x 1-d 

Re 1 
W m=-=- 2 A 1s s 

w~tl dtl dti 
-I 0 

x d 

+ If 41 - O.dtdJI 1 . (12) 
-x 0 

Substituting equations (9) and (10) into equation 
(IO), A is given as follows ; 

A 
Re 1 

=21-&N&s 
(13) 

The other relation is obtained by integrating 
equation (1) over a cross section. The equation 
expressing the force balance of a fluid element 
bounded by the pipe wall is given as follows: 

where the subscript 0 denotes the value at the 
pipe wall. 

Using equation (4) and giving the suffi M 
to the mean value between I,$ = --1c and 

JI = x, we rewrite equation (14) in a non- 
dimensional form 

aw 

0 

C 

3 Om=? (15) 

Substituting equation (10) into equation (15), 

c = 4A 2Re 1 -=’ 
6 6 1 - 3s +&P’ 

(16) 

By equations (13) and (16), the unknown quanti- 
ties are reduced to two, D and 6. 

In order to calculate these quantities, we 
use the following momentum integral equations 
for the boundary layer. 

2.5. The momentum integral equations of the 
boundary layer 

By substituting equation (2) into equation (1) 
and making a boundary-layer approximation, 
the following momentum integral equation of 
the boundary layer in z-direction is obtained. 

d 

+ QsinrC/ vd{ + Cb. 
s 

(17) 

The third term in the right-iand side of equation 
(17) comes from Coriolis force due to secondary 
flow. This term does not appear in the analysis 
for a curved pipe [l] or a pipe rotating around 
the parallel axis [4]. The Coriolis force, due to 
the velocity component in the direction of pipe 
axis, is perpendicular to the main flow, while 
the Coriolis force due to the secondary flow 
and angular velocity is in the direction of the 
pipe axis. This secondary Coriolis force gives a 
characteristic influence on the flow dealt with 
in the present problem, particularly in the 
case of a large angular velocity. 

Substitution of equations (9-11) into the 
right-hand side of equation (7) yields the 
following expression of 

aw 0 ZO 

= E + Fcos$ (18) 

E=[(3-3js)cos2$+(~-&5)sin2J/] 

x (C - &D) + 13&l - 6) sin’ + + C6 (19) 

F-AD@-@). (20) 
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The mean value of (Swj&), between JI = - K frictional resistance against the secondary flow 
and G(/ = IC given by equation (18) is equal to at the wall as follows: 
C/2, if&/& < l/S is assumed. This mean value 
coincides with that given by equation (15) 
which is obtained by considering the total force 
balance upon the fluid. 

f$),. = -/[Elm,, - 0 Ein$lwdj. 

0 

The variation of E with $ seems to be small (24) 

compared with F cos $ as shown in [i]. 
Thus, we replace E in equation (18) by its From the moments balance in a radial 

mean value C/2. On the other hand, (a~,%?<), direction, the pressure gradient is written so that 

from equation (10) is written as 

~)o=~+~(~_*)(*_a)cos~. (21) ~=~~)~+.~~(uz+~wcosi)d~. (25) 

Then we let the coefficient of COS J/ in equation 
The first term in the right-hand side of equation 
(25) is written in terms of the Coriolis for= at 

(18), that is F, be equal to that of cos $ in 5 
equation (21). 

= 6 from equation (6). Thus, the first term in 
the right-hand side of equation (24) becomes 

Neglecting the terms with the order of d 
magnitude smaller than S2( $ l), we have the 
following equation: =(--&AS - #elS")[sin@J,. (26) 

m 

D2cs2 + 10 $DS = 2q1 + $5). 
0 

(22) From equation (1 l), 

The second term in the left-hand side of equation 
(22) represents the effect of the Coriolis force due 

~)o~=~ (1 -;)[sint&. (27) 

to secondary flow, and it has not been found 
in the previous analysis [l-Q]. After substituting equations (26) and (27) into 

The momentum integral equation in the equation (24), we have the following equation: 

circumferential ($) direction is expressed as 
follows ; = $uG(l + @). cw 

($Jo= -/ 

a 

!g 1-5 
c > 

$d{ - Qsin$ 
s 

wd< Equation (28) is rewritten as follows by sub- 

0 0 
stituting A from equation (13); 

+r,,$jndC&ja’deB (23) $=;ReM1+‘& (*‘) 

0 0 In order to obtain D and 6 from equations 

In order to obtain the equation which is (22) and (29), we expand them in series as 

necessary for the determination of the mean follows: 

value of the boundary-layer thickness 6, both 
sides of equation (23) are averaged between 

l3 = D, + D, D, + D2 

1L_ = 0 and rr. The equation expresses the relation- 6 =6, +& 6, + 6,. (30) 

ship between the pressure gradient, body 
(Coriolis) force in the boundary layer and the Substitution of equation (30) into equations (22) 
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and (28) and use of parameters. 

N=&Re 

x =J[I +,25($--I-PH8($) 

yield the following results of first order approxi- 
mation. 

D, = 1.056 N’x’ (31) 

61 = 4.236 N-+x*. (32) 

When we substitute equations (31) and (32) 
into equations (22) and (29) and pick out the 
second order approximation terms from equa- 
tion (22), 

8.472 D, + 2.112 N+x+& = 
56.48 

(420) X + g 

. (33) 

From equation (29) 

D2 - 0.748 N+xfa2 = 0.373 x. (34) 

From equations (33) and (34), is found that 

D2 = 
4999 

5Q 
4.473 x + Re 

x [1-0*983x (;) -0*87,1. 1 

2.6. The resistance coeficient 
The resistance coefficient 1 is defined below, 

and this is written by use of equations (3) and 
(4) in terms of nondimensional quantities. 

f i3p 2a 4Q2 Z 

\ ) 
-azm=---z- + 

0 

16C 

Re a Xei’ 

The resistance coefficient is obtained by 
putting C = (2Re/6) [l - @) from equation 
(16) in the above equation. When N/X is larger 
than 105, it is found that the magnitude of 6, 
calculated by equation (35) gives a correction 
only less than a few per cent on b. Therefore, we 
use 6,, given by equation (32) as 6. The ratio of 
A* to the resistance coefficient for Poiseuille 
flow, lo = 64/Re, is given by 

3* L 
-=0118 

Nf 
0 - 

1 
A0 x -+ 

1 
- 2*82 x 

0 N (36) 

The curve of 1*/,X0 is shown in Fig. 4. In Fig. 4, 
the asymptotic straight line for the case 6 + 0 
is also shown. As shown in the analysis for 
curved pipe [l], the curve to be obtained by 
higher approximation would come in between 
the asymptotic straight line and the curved 
line given by equation (36), rather close to the 
curved line. 

The experimental values obtained by Trefe- 
then [S], using water, are shown in Fig. 4. 

The open circles are for the case of L/d (L: 
the pipe length between the pressure measuring 
taps, d: the diameter of pipe) = 145, and the 
solid circles are for L/d = 60. The open circles 
which are obtained by use of a sufIicientIy large 
L/d agree considerably well with the theoretical 
result. The solid circles are for the flow which is 
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not thought to be fully developed because of the 
small L/d. It is of course necessary to determine 
the availability of the present theoretical result 
by a more sufficient amount of experiments. 

3. THE ANALYSIS IN THE 

TJMPEIUTLJREFIELD 

3.1. The analysis under the condition of a constant 
wall temperature gradient 

3.1.1. The fundamental equation. In a fully 
developed temperature field, the temperature 
gradient in the axial (Z) direction has the same 
value all over the region; therefore, temperature 
T is expressed in the form 

T=rZ--G(r,+) (37) 

where t is a constant temperature gradient in 
the axial (Z) direction and G(r, #) is the function 
of r and $. 

The wall temperature T, is assumed to be 
invariable around the periphery of a cross 
section. Hence, 

T, = zZ. 

The boundary condition for G is: G = 0 at 
r = a. 

Dimensionless temperature is defined as 

9 = G/Ta. The energy equation is written in 
dimensionless form as 

where q,,, qti are dimensionless heat fluxes in 
the fluid in the radial (0) and circumferential 
(+) directions respectively. 

These heat fluxes are expressed as 

4q = 
1 ag 

---+ug 
or aq I 

1 a9 (3% 
4* = - g* + w. 

3.1.2. The temperature distribution in the jlo w 
core. In the. core region, the heat flux transferred 
by the secondary flow is considered to be pre- 
dominant. 

Thus we have, from equation (36), 

4q = u1g1, 4# = v,g,. W) 

Substitution of equation (40) into equation (38) 
yields the following energy equation ; 

asl+v 
‘1 afj 

ah 
1 a = Wl. (41) 

After substituting equations (7) and (9) into 
equation (41), we put gl, the particular solution 
for equation (41), as 

91 
=A’+- 2; $3 ( > r/2++os* (42) 

where A’ is constant. 
As shown in Fig. 3(b), the distribution of gi 

has a profile similar to that observed in a curved 
pipe under a remarkable effect of the secondary 
flow. 

The expression of gi by equation (42) differs 
from that obtained in the analysis for a curved 
pipe [l] only in the coefficient of q2 where 0 
is introduced by Coriolis force due to a second- 
ary flow. 

3.1.3. Temperature in the boundary layer. The 
temperature distribution in the boundary layer 
is determined so as to meet g, at the edge of the 
boundary layer as shown by dotted lines in 
Fig. 3(b). 

In order to consider the influence of Prandtl 
numbers, a thermal boundary layer ofdimension- 
less thickness & is assumed along the pipe wall. 
The ratio of & to 6 is denoted by C( = 6,/S). 

We put g in the same form with that used in 
the analysis for a curved pipe [I]. 

2 r 
g = g1.5 c ; [( -2rZ+(ll +3j2_2E 

62 3 
> 

J2 63 1 
+S 

[ 
$(I - 6) +;cos* ] (g-g) (43) 
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where gra and gIdr are g1 at 5 = 6 and dr 
respectively to be obtained from equation (42). 

since 6,‘& 4 1 we may put gla z gIdT. 
3.1.4. Determination of A’. In order to obtain 

A’, equation (38) is integrated over a whole 
cross section as follows: 

Denoting the mean value around periphery 

(* = --A h n) by suffi m, we rewrite equation 
(45) in the following form: 

367 0 Re Pr 

xj om=4 

The gradient (ag/i& is calculated 
equations (43) and (44) by neglecting the 
terms for both cases of 6r/6 2 1. 

+ (‘06 
Re cos $. 

(46) 

from 
small 

(4’/) 

Substituting equation (47) into equation (46), 
we obtain A’ as follows ; 

A, = @RePr 
8 

-g E -y(&)]. (48) 

3.1.5. The energy integral equation OJ the 
boundary layer. Heat fluxes due to convection 
and conduction are equally considered in the 
boundary layer. Use of the boundary-layer 
approximation and integration of the boundary- 
layer equation from < = 0 to B yield the energy 

integral equation. 

$($). = 9,,&jvdi - $/gudt 

0 0 

d 

+ wd<. 
I 
0 

1035 

(49) 

From equation (49), c (= bT/b) is obtained by 
a method similar to the one already shown in 
the analysis for a curved pipe [l]. The pro- 
cedure is described below. We substitute equa- 
ations (11) and (43) or equation (44) into equation 
(49) and make sure that the mean value of 
(ag/aQo obtained from the energy integral 
equation of the boundary layer satisfies equation 
(46). Then, by putting (+/c?{)~ of equation (49) 
equal to equation (47), the relation between c 
and the Prandtl numbers is obtained. 

When ~5~ < 6, from equation (49), 

= E’ + F’ cos JI (50) 

where 

+ (& + g)sin’(Il (51) 

F’=(D6RePr2 

8 (52) 

The variation of E’ with I/I is very small, so E 
can be replaced by the mean value Re Pr/4. 

From equations (47) and (50), [ is obtained as 

Equation (53) is applicable when BT G 6, that is, 
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The result is also obtained when 6, >, 6. from equations (55, 56, 58) or (59). For the case 

In this case, the applicable range is determined 

by 
the ratio of Nu to the value of Nu for Poiseuille 
lIow NuO (=48/l 1) is expressed as 

3.1.6. Nusselt number. Nusselt 
defined by 

MLvm 
N” = k(T, - T,) 

where Q, is the mean value of the 
the wall around the periphery (I@ = 

(5% 
- $; + 4.33)] (G)-i). 

For the case that 

3, 
Pr 

Re ’ ??% 
heat flux at 
-7r - n). 

Consideration of the heat balance over a 
whole cross section yields the ratio NufNt.+, is obtained as 

number is 

Q,= $ rk Re Pt. 

The mixed mean fluid temperature 
defmed by 

(56) 
T, is 

---- 
Y2 YD, 

T, = ._lL- 
7ra2 Wm 

T Wr dr d+. (57) 

-x 0 

The difference between T, and wall temperature For fluids whose Prandtl numbers are 
T, is expressed as follows; unity, equation (61) is always applicable. 

w 

(61) 

(58) 

T, - T, = 
i (for br < 6) 

The integrations in equations (58) and (59) For fluids whose Prandtl numbers are above 
are calculated by using equations (9, IO, 42, unity, equation (61) is applicable when b/Re is 
43, 44). The Nusselt number Nu is obtained large enough to satisfy the above condition. In 
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Fig. 5, Nu/Nu, is shown for Pr = 0.7 and 
Q/Re = 0.1. 

In order to estimate the applicable ranges of 
Iz*/& and Nu/Nu, obtained above, 6 and & 
for Pr = 0.7 are shown in Fig. 6. The thickness 

IO. 2 . 6S10T : 1 csd I . 6 810’ 
N’x 

FIG. 5. g,. 

IO 

102 IO3 IO’ IO5 
Re 

FIG. 6. Nu/Nu, vs. (N/x). (Pr = 0.7, w/RF = 0.1). 

6 is calculated from equations (30, 32, 35), and 
aT is calculated by putting Pr = 0.7 in equation 
(54). Figure 6 shows how 6 and 6, vary with c3 
and Re. For 6 and 6, = 0.6, the correction of 
6, is close to 10 per cent in the range where Re 
is large. According to Trefethen’s experiment [5] 
the critical Reynolds number increases as the 
angular velocity of the pipe increases ; to 3900 
at Q = 50 and 12 600 at Q = 500. This fact 
shows the effect of the secondary flow stabilizing 
the flow and increasing the critical Reynolds 
number which is observed also in a curved pipe 

[l] and a heated horizontal pipe [7]. Therefore, 
the results of analysis for the laminar region are 
still available when Re is considerably large. 

However, in the range where b/Re is very 
small, it is necessary to take account of the 
higher order approximation of 6 because of a 
relatively narrow applicable range bounded by 
a low critical Reynolds number and a high value 
of 6 as shown in Fig. 6. 

The present results can be used up to about 
6 = @6 by considering the correction term 
calculated from equation (35). The maximum 
error is estimated to be about 5 per cent at the 
upper limit of 6. 

The applicable range of the present analysis 
is also bounded by &lRe c l/S. 

When Nusselt numbers are calculated by 
equations (60) and (61), it is necessary to bear 
in mind that the availability of these equations 
is determined by the value of 6 when & f 6 
and by that of & when 6, Z 6. 

3.2. The analysis under the condition of unvorm 
Wall temperatune 

3.2.1. Temperature in the flow core. The same 
procedure as that used for a curved pipe [6] is 
applied to the present problem. 

Non-dimensional temperature g is defined by 

9 ;I;. = (62) 
W 111 

The region under consideration is far from the 
entrance of the pipe. Hence, T is expressed by 
using an eigenvalue a; as follows : 

TV - T CC exp (-abZ). 

Therefore, T, - T, CC exp (-abZ) and it is 
found that ag/az = 0. Putting aba = ao, we 
have the energy equation in nondimensional 
form as 

where qlp qti are expressed in the same form with 
those in equation (39). In the core region, we 
may put qq = w71,4* = OlSl. 
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From equations (7,9,63) the energy equation 
for the core region is obtained by using the 
co-ordinate x = q cos $ as foilows: 

D%=ao ~+(g-d)x]gl. (64) 

The solution of equation (64) is 

where N is constant. 
Since the variation of g1 in a cross section is 
supposed to be small, g1 given by equation (65) 
is expanded as follows: 

The constant # is determined by the follow- 
ing condition derived from equation (62). 

~g~d~d~ = 1. (67) 

-K 0 

For g in equation (67), gr of equation (66) is 
substituted. When the initial three terms of the 
series in the right-hand side of equation (66) are 
taken into account, R is obtained as 

iv =-q-g+q2$ @*) 

3.2.2. Temperature in the boundary layer. Tem- 
perature in the boundary layer g is given by 
equation (43) or (44). But in this case, gta and 
gldr are obtained by putting respectively x = 
(1 - 6)cos$ and x = (1 - Br)cos$ in equa- 
tion (60). 

The equation corresponding to equation (46) 
for the present case is 

=?RePr (6% 

Substitut~g equations (43) and (44) into equa- 
tion (69) and assuming S, 6, & 1, we have 

From equation (70), the mean value of (ag/a& 
is obtained as 

where 

Within the range of Re and B under consider- 
ation in the present anafysis, we may put 
x z 1. Hence, from equations (69) and (7 1) the 
eigenvafue a, isdetermined as follows: 

8 

ao = [S Re Pr’ (73) 
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The boundary-layer thickness ratio i is ob- 
tained from the following energy integral equa- 
tion of the boundary layer 

d 

+ a0 I wg d<. (74) 

0 

The first and second terms in the right-hand side 
of equation (74) have the order of magnitude 
D(aN*x*), while the third has the order of 
magnitude aoA6 = 4/c Pr. Therefore, in the 
region where D is not small, the third term is 
negligible. Derivation of the relation between 
c, x and Pr is done in the same way as that 
shown in the previous section. Following the 
same procedure of calculation from equations 
(71-73), and bearing in mind that we may put 

916 z 1 ++os+. (75) 

We have the same results as those given by 
equations (53) and (54). 

3.2.3 Nusselt numbers. According to the defini- 
tion of equation (55), the Nusselt number is 
expressed by using nondimensional quantities 
as follows : 

NU 

Equation (76) is the same as the following 
equation which is obtained as Nu in the first 
approximation for the case of a constant wall 
temperature gradient 

Nu = 0.216 N * 48 -- 
5 x “ii 0 

(77) 

Equation (77) is obtained by multiplying Nuo 
to Nu/Nu, in equations (60) or (61) and neg- 
lecting the correction terms in the denominator. 

We may conclude that the Nusselt number is 
almost independent of the wall temperature, 
whether it is changing linearly in the axial 
direction or kept uniform. But the ratio of Nu 
to Nusselt number for Poiseuille flow in the 
present case becomes 

Nu 0.258 N + 
-= -_ 

0 Nuo c x 
m 

which is different from that obtained for the 
case of a constant wall temperature gradient 
because of the different value of Nuo, in this case 
Nu 0 = 366. 

4 CONCLUSIONS 

In a straight circular pipe rotating around 
the perpendicular axis, Coriolis force causes a 
secondary flow perpendicular to the pipe axis. 

A fully developed laminar flow f=ld and a 
temperature field are analysed theoretically, and 
the following conclusive results are obtained. 

(1) It is assumed that a large secondary flow 
is caused by Coriolis force, and velocity and 
temperature distributions are distorted con- 
siderably from the symmetrical ones in a 
stationary pipe. By assuming a boundary layer 
along the wall, the increase in the resistance 
coefficient due to a secondary flow is obtained. 
The effect of Coriolis force is remarkable when 
the value (N/z) is large. The parameter N is the 
product of Re and 0, where Q is the ratio of 
Coriolis force to viscous force, and 2, the func- 
tion of O/Re, represents the effect of Coriolis 
force in the axial direction caused by the second- 
ary flow. The theoretical result is in agreement 
with the experimental results obtained in a pipe 
of sufficiently large length to diameter ratio. 

(2) The analysis of the temperature field is 
done by the same procedure as that for flow 
field, by assuming a temperature boundary layer 
along the wall under the condition of a constant 
wall temperature gradient. The ratio of tem- 
perature to velocity boundary-layer thickness 

D 
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(6,/6) is obtained as the function of Pr and 
Q/Re, and Nusselt number formulae including 
parameters pt and Q/&z are obtained to the 3. 
second order of approximation for relatively 
large W/X). 

(3) The analysis done under the condition of 4’ 
a uniform wall temperature shows that the 
Nusseft number is independent of whether the 5. 
wall temperature is, changing linearly in the 6. 
axial direction or kept uniform. 
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Rcld- 00 a analyst thtoriquement des champs d’ecoulement laminaire et de tcmp&ature entierement 
dtveloppb dans un tuyau toumant rapidement autour dun axe perpendiculaire, en supposant l’existence 
de couches Iimites dynamique et thermique le long de la paroi du tube. Le coefficient de frottement et Ie 
nombre de Nusseh sont obtenus sans la r&ion dts grandes valeurs de (N/X). f: param&m IV est le produit 
de i%s et de b), oh (5 est k rapport de la force de Coriolis a la force de viscositt et X repr&sente i’effet de la 
force de Corioiis provoqu& par l’6couiement secondaire. Gn montre que le coefficient de frottement et le 
nombre de Nusselt augmentent & fa9on remarquable, a cause d’un boulement secondaim produit par 
la force de Coriolia Gn montre aussi en analysant Ies deux conditions de temperatures par&ales, c’est- 
B-dire, le gradient de tem@ratum par&ale constant et la temperature parietale uniforme, que le nombre 

de Nussett est presque le m&ne pour ces deux conditions. 

B_Das ~011 auagebildete Stromungs- und Temperaturfeld in einem sich schneil um die 
senkrechte Achse drehenden Rohr wurde theoretisch analysiert; dazu wurden Geschwindigkeits- und 
Temperaturgrenrachichten entlang da Rohrwand angenommen. Der Widerstandskoeffiient und die 
Nusselt-Zahl wurden erhalten im Bereich grosser Wcrte von (N/X). Der Parameter N stellt das Produkt 
dar aus Re und &, wobei b das VerhUnis von Corioliskraft xu Ziihigkeitskrah angibt und X den Einfluss 
der Corioliskratt auf Grund der SekumBrstr6mung bedeutet. Es wird gezeigt, dam der Widerstands- 
koeffient und die Nusaelt-Zahl info&e der vou der Coriohskraft bewirkten Sekund&str&mung erheblich 
zunehmen Die Analyse der beiden W~~rn~t~~~~~ niimtich konstanter Gradient oder 
einheitfiche Temperatur, ergibt, dass die Nusselt-Zahf fur beide dieser Bedingungen nahexu die gleiche ist. 

AsmoTsttstrt-Teopevurecnn nay’laeTCfl nOJtW0cT~m pannwTbtlt ;IaMMnapnbIg pemHM (AUHaMA- 

~ecKUttaTennonOt)aTpy6e,6bicTpo npauialouiei4cfl no~pyroc~.lTpUa~0~ npennonaraercs 

~~ecTBoBaH~reaUHa,nU~ecKoroUTennOROrO~O~~aHU'lHOFOC.?OR.Onpene.leH~ K03#@l~ReHT 

CQHpOTUBJIetWl U WCBO HyCCeJIbTaBOliJIaCTH 6OJIbHIUX RHaYeHUa:(N/x). i%paMeTp NeCTb 

HpoU3Be~eKUe ffe0, rze G- OT~o~eH~e KOpUO~UCOBO~ CUJlbI K ~~~~.B~~KocTU, X ywsrbx- 

BaeT BJlKfiWIPe KOPUO~HCOBO~ CHJIbI BC~e~CTK~~e BTOpUqHOl'O HOTORa. nOKa3aH0, rtT0 K03+ 

&¶lrHeHT COIlpOTUBJleHUSi U '4PCJIO HyCCeJIbTa 3HaYUTeJlbHO yBeJIUWB3lOTCFI 3El CYST BTOpU4- 

HOT0 IlOT,OKa, BW3BaHHOrO KOpHOJWO3Ot CUJiOti. nOKa3aH0, YTO WC.10 HyCCeJIbTa IIOYTYI 

OAHHaKOBO AYIH .&ByX TeWRepaTypXblX yCJlOBUtl Ha CTeHKe: IIOCTOfiHHEdfi TeMlIepaTypHblfi 

I'paaMeHT U HQWlMeHHaXTeMHepaTypbI CTeHKU. 


