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Abstract—A fully developed laminar flow field and temperature field in a pipe rapidly rotating around
a perpendicular axis are analyzed theoretically, by assuming velocity and temperature boundary layers
along the pipe wall. The resistance coefficient and the Nusselt number are obtained in the region of large
values of (N/x). The parameter N is the product of Re and &, where @ is the ratio of Coriolis force to
viscous force, and y represents the effect of Coriolis force caused by the secondary flow. It is shown that
the resistance coefficient and the Nusselt number increase remarkably, due to a secondary flow driven
by Coriolis force. It is also shown by analyzing the two wall temperature conditions, i.c. the constant
wall temperature gradient and the uniform wall temperature, that the Nusselt number is almost the same
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for both these conditions.

NOMENCLATURE

w, at the center of a cross section
perpendicular to the pipe axis;

g, at the center of a cross section
perpendicular to the pipe axis;
radius of the pipe;

= —(0P'/éz);

specific heat of fluid at constant pres-
sure;

intensity of the secondary flow in the
flow core [dimensionless];
tangential stresses in the z direction
of fluid;

=T, - T,

dimensionless temperature, =G/za;
heat conductivity of fluid;

=® Re;

normalized constant ;

Nusselt number, =2aQ,,,. /KT, —T,);
Nusselt number for the Poiseuille flow
(48/11 for constant heat flux case,
3-66 for isothermal case);
dimensionless pressure, =(a?/v*)(p/p);
=P - (ha?z?;

Prandt] number;

pressure;
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Re,
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-

heat flux at the wall to the fluid ;

heat flux in the fluid ;

Reynolds number, =2aW,,/v;
co-ordinate in radial direction in a
cross section perpendicular to the pipe
axis;

temperature ;

mixed mean fluid temperature;;

wall temperature;

radial component of velocity,u = Ua/v
[dimensionless] ;

circumferential component of velo-
city, v = Va/v [dimensionless];

axial component of velocity, w =
Wa/v [dimensionless];

mean velocity, w,, = W,a/v [dimen-
sionless];

equation (72);

co-ordinate along the pipe axis, z =
Z/a [dimensionless].

Greek symbols

oy,
d,
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the minimum eigenvalue, a, = aay ;
dimensionless thickness of velocity
boundary layer;
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O, dimensionless thickness of thermal
boundary layer;

C’ = 67’/ 6 3

H, =R/a;

n, =r, / a,

A, resistance coefficient,

_ op\ 2a
B az) ow?

Aos resistance coefficient for the Poiseuille
flow, =64/Re;

A*, =1 + (40*/Re*)(Z/a);

i, viscosity;

v, =p/p;

¢, =1-n;

o, density;

T =@V falp);

T =@V fulp);

T, temperature gradient along the pipe
axis (constant);

v, circumferential co-ordinate in a cross

section perpendicular to the pipe axis ;
1 parameter, =./[1 + 1-25(&/Re)*] —
1118 (®/Re);
@, angular velocity of the pipe;
@, =2a%w/v.

Subscripts
0, value at the pipe wall;
1, value in the flow core region;
m, mean value taken around the peri-
phery (y = —m ~ 7);
0, valueat £ = 4;
Or, value at & = dr.

1. INTRODUCTION

THE INCREASE in the turbine inlet temperature of
gas turbine engines is an urgent need today to
obtain a higher efficiency in the engines of
aircraft, ships and many other industrial faci-
lities. Parallel with the evolution of metals
working in high temperature, several methods
of cooling rotor blades have been tried and
developed. Cooled blades are widely used in
modern engines. Commonly used methods are
those of radial pass cooling and thermo syphone.
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The former is achieved by flowing a cooling
fluid through narrow radial passes in a blade,
while in the latter, holes with closed ends at the
tip of each blade are filled with coolants.
Fundamental understanding and design data of
these methods are still short, and there is a
need for more knowledge about heat-transfer
mechanisms in these narrow passages.

The purpose of the present study is to investi-
gate, theoretically and experimentally, heat
transfer in a straight circular pipe rotating
around the vertical axis. In this paper, a theo-
retical analysis in a laminar region is reported.
It is thought that Coriolis force causes a
secondary flow in a rotating pipe, and the
secondary flow makes the heat-transfer rate
higher than that in a stationary pipe. As a
matter of course, practical interest is in the
area of flow rate and rotating speed where
the secondary flow is intense and makes a
remarkable effect on the heat-transfer rate.

When a body force working on a fluid is in
the direction vertical to the pipe axis, a second-
ary flow is produced. The authors have reported
the,studies of cases when an effective secondary
flow is caused by centrifugal force and buoyancy
[1-4]. Under the strong effect from secondary
flows, the velocity and temperature distributions
in a pipe have a characteristic profile showing
that their gradient of change is moderate in
most of the regions of a cross section of the pipe
and a steep gradient is found only in a thin
layer adjacent to the pipe wall. It is shown
that the effect of secondary flow predominates
over almost the whole of a cross section except
in the neighborhood of the pipe wall, and the
influence of viscosity and heat conduction is
confined mainly to the same very thin layer
next to the wall. In order to analyse heat
transfer in this kind of flow, flow and tempera-
ture fields may be divided into two regions, a
core region occupying a greater part of the
pipe and a boundary layer next to the wall.

In the present paper, the flow is assumed to be
steady and fully developed, and analysis done
by the flow code and boundary-layer concept.
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The analytical procedure is the same as that
used by the authors for a curved pipe and for a
straight pipe rotating around a parallel axis
[1, 4]

2. THE ANALYSIS OF THE FLOW
IN A ROTATING PIPE
2.1. The fundamental equations

The system of co-ordinates is taken as shown
in Fig. 1. The symbol a is a radius of the pipe,
w is angular velocity and Z is the co-ordinate
taken along the pipe axis from the axis of

rotation toward the outer side and Z>r
is assumed.

Z
5 '/
g /¥

~

(o)
F1G. 1. System of co-ordinates.

(b)

Since a secondary flow is set up as shown in
Fig. 1, we take circumferential co-ordinate ¥
from the stream line of the secondary flow
passing through the center of a cross section.

The velocity components of r-, Y- and
Z-direction are denoted respectively U, V, W the
pressure p, density p and the kinematic viscosity
v. The following non-dimensional quantities
are defined:

n =r/a, u="Ua, v ="Va
w=Walv, z=2Z/a, P =(a*V*(p/p).

We denote the tangential stress on a small
volume of the fluid as shown in Fig. 2 as f,,
fww and the non-dimensional quantities as
Teg = (a2/v2) (fzr/p), T, = (aZ/VZ) (fz&/p) Then
the force balance equation in the direction of
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the pipe axis is expressed as follows;

0 0ty
() F = — - —
nan(" " noy

(1)
where & = 2a’w/v. The second term in the
right-hand side of equation (1) represents the
centrifugal force; the third term the Coriolis
force+in the direction of the pipe axis.

+ @ucos ¥y — vsiny)

>

dz
dy \(

\

n

\

FiG. 2. Shear stresses exerting on a small element of fluid.

These terms are characteristic to the present
problem and do not appear in the equations
for a curved pipe [1, 2], a horizontal pipe [3],
or a circular pipe rotating around a parallel
axis [4].

The tangential stress may be expressed as
follows:

ow
Tey = 5= — UW
ow o 2)
Tog = — — UW.
T

Now the pressure term is divided into that
due to centrifugal force and that due to second-
ary flow, and written so that

P =}6%% + P. 3)

For a fully developed flow, the z-direction
gradient of P’ is constant. Hence we have:

— (0P'/92) = C (constant). (4)

2.2. Velocity in the flow core
Most of the pipe is occupied by the flow core.
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We give a subscript 1 to the symbols in the flow
core region where stresses caused by the
secondary flow predominate.

We put 7, = —uyw,, 1,y = —v,w,, in equa-
tion (2) and substitute these into equations
(1-4)

ow; v, dw,

ul—a—n—+ n—é;p—+(b(ulcos¢—vlsin¢)=c.

(5)

Since the pressure gradient and the Coriolis
force in a cross section are assumed to be in
balance with each other in the flow core,

P,

= ®w, cos |
on
-‘?f-l- = — dw,siny ©
noy S

Therefore, the secondary flow is approximated
by a uniform flow as shown in Fig. 1. So as to
satisfy the equation of continuity, d(nu,)/n dn
+ dv,/ndy = 0. We put radial velocity com-
ponent u and circumferential component v
as follows, using constant D,

v, = — Dsiny. 7

From equation (6), the following condition is
obtained,

u, = Dcosy,

awl 6w1 .
—=cosy + —siny = 0. 8
noy <Y o SV
As a particular solution to satisfy equations
(5) and (8), w, is expressed as follows;

w1=A+(%—a‘)>r]cosw 9)

where A is constant. Equation (9) is different
from the expression of w; for a curved pipe [1, 2]
only by the term @®n cos Y representing the effect
of Coriolis force in the direction of the pipe
axis.

The axial velocity w; of equation (9) repre-
sents a distribution described by a solid line in
Fig. 3.
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FiG. 3. wand g.

2.3. The velocity distribution in the boundary
layer
The boundary-layer approximation can be
applied to a thin layer next to the wall. In
this sense, the layer is called a boundary layer.
The dimensionless thickness of the boundary
layer, the thickness divided by the pipe radius a,
is denoted by &( < 1) and the distance from the
pipe wall is denoted by &(= 1 — n).
So as to satisfy the boundary conditions;
aw

wew ow _ ow

= Mié ) é = 57]
as shown by the dotted lines in Fig. 3, we put w
in the boundary layer as follows:

2
w=w1,,<2§—-§3>+6<%-— )
x cosnl/(g—g;) (10)

where the suffix  represents the value at the
edge of the boundary layer.

So as to satisfy v =v,, /0 =0 at £ =6
and also the condition of the flux continuity of
the secondary flow in the flow core and in the
boundary layer (1) we put the circumferential
velocity component v as follows,

o= —pany [ 22084 (2-9)
2 12 3

Since we are considering a fully developed flow,
the thickness of the boundary layer J is constant

at £{=¢
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in the direction of the pipe axis (z) but varies
with .

However, since the variation is assumed to be
very small [1], J is regarded as the mean value
between Yy = —=n and ¥ = 7 and it is treated
as a constant hereafter.

2.4. The relation between A, C, D and 6

When the Reynolds number is given, it is
necessary to know the quantities 4, D, C and &
in the equations of velocity distributions (7, 9, 10,
11). There are two equations relating 4 and
C to ¢ as shown below. One of them is the
expression of the mean velocity of fluid in the
pipe W,. When the Reynolds number is defined
as Re = 2aW,/v. the non-dimensional mean
velocity w,, is expressed as follows;

® 1-~8
————— U JW1ndndw
-z 0
jju(l - é)déd!//} (12)
-z 0

Substituting equations (9) and (10) into equation
(10), A4 is given as follows;

Re 1
= — ————— 1
4 21— 45 +36° (13

The other relation is obtained by integrating
equation (1) over a cross section. The equation
expressing the force balance of a fluid element
bounded by the pipe wall is given as follows:

R[5

where the subscript 0 denotes the value at the
pipe wall.

Using equation (4) and giving the suffix m
to the mean value between ¥ = —n and
V¥ =7, we rewrite equation (14) in a non-
dimensional form

%).-5
) om 2

(14)

(15)
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Substituting equation (10) into equation (15),

C— 44 2Re 1
5 5 1-%+35°
By equations (13) and (16), the unknown quanti-
ties are reduced to two, D and 4.
In order to calculate these quantities, we
use the following momentum integral equations
for the boundary layer.

(16)

2.5. The momentum integral equations of the
boundary layer
By substituting equation (2) into equation (1)
and making a boundary-layer approximation,
the following momentum integral equation of
the boundary layer in z-direction is obtained.

(—az> n”an‘ 6!//_[UWd¢

+d>smn/1fvd§+€6. (17

0

The third term in the right-hand side of equation
(17) comes from Coriolis force due to secondary
flow. This term does not appear in the analysis
for a curved pipe [1] or a pipe rotating around
the parallel axis [4]. The Coriolis force, due to
the velocity component in the direction of pipe
axis, is perpendicular to the main flow, while
the Coriolis force due to the secondary flow
and angular velocity is in the direction of the
pipe axis. This secondary Coriolis force gives a
characteristic influence on the flow dealt with
in the present problem, particularly in the
case of a large angular velocity.

Substitution of equations (9-11) into the
right-hand side of equation (7) yields the
following expression of

ow
( 3 é)o E + Fcosy
E =[G — fd)cos’ ¥ + ¢ — $46)sin’ y]
x (C — &D) + ®D(1 — d)siny + C5 (19)

F = AD@G — 759). (20)

(18)
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The mean value of (Owjd¢), betweeny = —=n
and ¢ = 7 given by equation (18) is equal to
C/2, if ®/Re < 1/ is assumed. This mean value
coincides with that given by equation (15)
which is obtained by considering the total force
balance upon the fluid.

The variation of E with { seems to be small
compared with F cos ¢ as shown in [1].

Thus, we replace E in equation (18) by its
mean value C/2. On the other hand, (dw/d&),
from equation (10) is written as

(6w) _C 1((:
AR AV

Then we let the coefficient of cos ¥ in equation
(18), that is F, be equal to that of cos ¢ in
equation {21).

Neglecting the terms with the order of
magnitude smaller than §%(<1), we have the
following equation:

tﬁ) (2 — d)cosy. (21)

D? + 10%1)5 = 20(1 + %) (22)
The second term in the left-hand side of equation
(22) represents the effect of the Coriolis force due
to secondary flow, and it has not been found
in the previous analysis [ 1-4].

The momentum integral equation in the
circumferential (i) direction is expressed as
follows;

(5),-

fa.lld?,‘ d)smgl/J-wdé

+vl§¢-fvdf—%fv2d
[1] 0

In order to obtain the equation which is
necessary for the determination of the mean
value of the boundary-layer thickness 8, both
sides of equation (23) are averaged between
¢ = Oand n. The equation expresses the relation-
ship between the pressure gradient, body
(Coriolis) force in the boundary layer and the

(23)
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frictional resistance against the secondary flow
at the wall as follows:

3 F]
av oP :
(“a‘) = ‘J [’a‘ﬂm“f o [W ‘”"é]m'
0 [i]
(24)

From the momentum balance in a radial
direction, the pressure gradient is written so that

gg_(ap,) L0 [
W \oy ?ﬂ

The first term in the right-hand side of equation
(25) is written in terms of the Coriolis force at
& = ¢ from equation (6). Thus, the first term in
the right-hand side of equation (24) becomes

(v* + Owceosy)dé.  (25)

From equation (11),

[ J‘ i dg] =(-DAS — 170A*) [sin y],. (26)
12D

o
@2)0,, 7 ( )[sm V1

After substituting equations (26) and (27) into
equation (24), we have the following equation:

@7

12D

L (1 - ;?) = 34081 + 19, (28)

Equation (28) is rewritten as follows by sub-
stituting A from equation (13);

D ¢

In order to obtain D and é from equations
(22) and (29), we expand them in series as
follows:

D=DI+D2
0 =8, +4,

D,» D,

5, > 6, (30)

Substitution of equation (30) into equations (22)
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and (28) and use of parameters.
N = @Re

- () )

yield the following results of first order approxi-
mation.

D, = 1:056 N*y# (31)

8, = 4236 N ¥yt (32)

When we substitute equations (31) and (32)
into equations (22) and (29) and pick out the

second order approximation terms from equa-
tion (22),

8472 D, + 2112 N¥ys, = 648 (33
(/20) x + o
From equation (29)
D, — 0748 N¥xs, = 0373 . (34)

From equations (33) and (34), is found that
6685 )

N"x*(#473 x+ 5—6))

i Re

1 - 2:848 —e 2-547 2
X X Re x

4-999

5G4
447 —
3x+ Re

. [1 — 0983 1 (ﬁ) - 0-879].
Re ]

2.6. The resistance coefficient

The resistance coefficient A is defined below,
and this is written by use of equations (3) and
(4) in terms of non-dimensional quantities.

Loy _w(E) e
\ 0Z) ipW2~  Reé*\a Re*

62=

} (35)

D2=
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The resistance coefficient is obtained by
putting C = (2Re/8) [1 — %6] from equation
(16) in the above equation. When N/y is larger
than 10%, it is found that the magnitude of &,
calculated by equation (35) gives a correction
only less than a few per cent on é. Therefore, we
use 8,, given by equation (32) as 4. The ratio of
A* to the resistance coefficient for Poiseuille
flow, A, = 64/Re, is given by

)*

1
S =ol18 <N> —-——L—N—_—;
0 X 1—2-82(;—)

The curve of A*/4, is shown in Fig. 4. In Fig. 4,
the asymptotic straight line for the case 6 — 0
is also shown. As shown in the analysis for
curved pipe [1], the curve to be obtained by
higher approximation would come in between
the asymptotic straight line and the curved
line given by equation (36), rather close to the
curved line.

The experimental values obtained by Trefe-
then [5], using water, are shown in Fig 4.

(36)

3/16wn 7/16in
Experimant { Tretethen) L/’:j:‘{—r ® /g pwe
e _ 1
— e onBmy i - 282N /x] “ —
“‘1-’:- OB N/ 1 ; i T 12
| | a E
* 4 ‘r—‘ .\ ’.L).’/ ‘
by ‘ ~re 1 b
i /V/’} : 1 ] .
O .- { 1
s Il
i P T
4 47 ] t .& 1 L
ainiline i
' ) J l o
[ g « 6 810° 2 « & si0f 2 « 5 sl
Ny

Fi1G. 4. 2*/4, vs. (N/y).

The open circles are for the case of L/d (L:
the pipe length between the pressure measuring
taps, d: the diameter of pipe) = 145, and the
solid circles are for L/d = 60. The open circles
which are obtained by use of a sufficiently large
L/d agree considerably well with the theoretical
result. The solid circles are for the flow which is
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not thought to be fully developed because of the
small L/d. It is of course necessary to determine
the availability of the present theoretical result
by a more sufficient amount of experiments.

3. THE ANALYSIS IN THE
TEMPERATURE FIELD

3.1. The analysis under the condition of a constant
wall temperature gradient
3.1.1. The fundamental equation. In a fully
developed temperature field, the temperature
gradient in the axial (Z) direction has the same
value all over the region ; therefore, temperature
T is expressed in the form

T =1Z — G(r,¥)

where t is a constant temperature gradient in
the axial (Z) direction and G(r, ¥) is the function
of r and ¥.

The wall temperature 7,, is assumed to be
invariable around the periphery of a cross
section. Hence,

(37

T, = 1Z.

The boundary condition for G is:
r=a

Dimensionless temperature is defined as
g = G/ra. The energy equation is written in
dimensionless form as

G =0 at

d aq
—(ngy) + =% = w
non " T 2oy
where q,, q, are dimensionless heat fluxes in
the fluid in the radial () and circumferential
() directions respectively.

These heat fluxes are expressed as

(38)

i
|
l
|

+

<«

“= " p on
(39)

dy Prm?t// + vg.

3.1.2. The temperature distribution in the flow
core. In the core region, the heat flux transferred
by the secondary flow is considered to be pre-
dominant.
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Thus we have, from equation (36),

4y = U191, dy = V19¢- (40)

Substitution of equation (40) into equation (38)
yields the foilowing energy equation;

591
+v = W,.
‘noy

og 991
o Q)
After substituting equations (7) and (9) into
equation (41), we put g,, the particular solution
for equation (41), as

, . 1/(C , A
=A +2D<— )n +Brycosu// (42)

where A’ is constant.

As shown in Fig. 3(b), the distribution of g,
has a profile similar to that observed in a curved
pipe under a remarkable effect of the secondary
flow.

The expression of g, by equation (42) differs
from that obtained in the analysis for a curved
pipe [1] only in the coefficient of n* where &
is introduced by Coriolis force due to a second-
ary flow.

3.1.3. Temperature in the boundary layer. The
temperature distribution in the boundary layer
is determined so as to meet g, at the edge of the
boundary layer as shown by dotted lines in
Fig. 3(b).

In order to consider the influence of Prandt!
numbers, a thermal boundary layer of dimension-
less thickness dr is assumed along the pipe wall.
The ratio of é1 to J is denoted by {(= d1/9).

We put g in the same form with that used in
the analysis for a curved pipe [1].

2 S & 53
g=9w|iz<§“2‘5—z+ )"‘352_ 53]

C A 2 3
+0 [—bj(l d) + = cos:lzl <5—,—_ - —g—;) (43)

(0r < 9)
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2
g=glér(25£1 ‘fr) +5T[D2(1 or)

where g4; and g,;,. are g, at { =6 and 4y
respectively to be obtained from equation (42).
Since 4,07 < 1 we may put g,; ~ g,5,.
3.1.4. Determination of A'. In order to obtain
A’, equation (38) is integrated over a whole
cross section as follows:

= n 1
1 og _ _n

Denoting the mean value around periphery
(¢ = —n ~ =) by suffix m, we rewrite equation
(45) in the following form:

Re Pr

().~
0 : Om 4

The gradient (dg/6&), is calculated from
equations (43) and (44) by neglecting the small
terms for both cases of 65/ 2 1.

@), =5t sl -2

Re
+ ﬁ cos y.

Substituting equation (47) into equation (46),

we obtain A4’ as follows;
Dé (&
- —{—1]. 4
2 (Re):l (48)

3.1.5. The energy integral equation of the
boundary layer. Heat fluxes due to convection
and conduction are equally considered in the
boundary layer. Use of the boundary-layer
approximation and integration of the boundary-
layer equation from £ = 0 to d yield the energy

(46)

47)

4=

{6 Re Pr _ Re
8 D%§
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integral equation.

aw.[ gvde

+ J. wdé. (49)
0

From equation (49), { (=6y/0) is obtained by
a method similar to the one already shown, in
the analysis for a curved pipe [1]. The pro-
cedure is described below. We substitute equa-
ations(11)and (43) or equation (44) into equation
(49) and make sure that the mean value of
(0g/0f), obtained from the energy integral
equation of the boundary layer satisfies equation
(46). Then, by putting (dg/0¢), of equation (49)
equal to equation (47), the relation between {
and the Prandtl numbers is obtained.

When ér < 4, from equation (49),

1
Pr (5—5) =915 =7 641

69)

— ] =E + F'cos 50
) v 60
where

., RePr|[22 2

£ 5[5 s

13\ .
— + §5—>sm2n//:| (51

(52)

The variation of E' with ¢ is very small, so E’
can be replaced by the mean value Re Pr/4.
From equations (47) and (50), { is obtained as

f3H]

Equation (53) is applicable when 65 < 6, that is,

< P o1y
2236 \ P2

]
Re ™



1036

The result is also obtained when 6y = &

RN

In this case, the applicable range is determined

by
o P 1)
Re ™ 2236 Pr?
3.1.6. Nusselt number.
defined by

(54)

Nusselt number is

200,
Nu = k(Tw - m)

where Q,,, is the mean value of the heat flux at
the wall around the periphery (¢ = —n ~ n).

Consideration of the heat balance over a
whole cross section yields

Qum = 1tk Re Pr. (56)

The mixed mean fluid temperature T, is

defined by
J. f TWrdr dy. (57)

-z 0

(35)

" na*W,

The difference between T,, and wall temperature
T,, is expressed as follows;

21a

7 Re
-z 0

The integrations in equations (58) and (59)
are calculated by using equations (9, 10, 42,
43, 44). The Nusselt number Nu is obtained
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from equations (55, 56, 58) or {59). For the case
that
@ Pr |
—_— 1 - —
Re ~ 2236 Pr?
(Pr=1)

the ratio of Nu to the value of Nu for Poiseuille
flow Nu, (=48/11) is expressed as
0176

Nu 0216 -
— T e 1-480{1 — ——
v = G e
007 N\ %
+ 433 . 60
- G) @
For the case that
15} Pr 1
eI §
Re ™ 2236 ( Prz)
the ratio Nu/Nu, is obtained as
Nu 0216 05
— — 2821 +—
Nu,” 1 (x) / { [C z

01 08< 025 005)]
ZTC T T

&}

For fluids whose Prandtl numbers are below
unity, equation (61) is always applicable.

[

-z 0

[j fglwlﬂd’ld'/"*'
j;; J. f 1w1r1dnd|1/+Jfgwldédtﬁ—i-ffgwdédw]

(58)

(for 6y < )

(59)

(for 64 = d).

For fluids whose Prandtl numbers are above
unity, equation (61) is applicable when &/Re is
large enough to satisfy the above condition. In
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Fig. 5, Nu/Nu, is shown for Pr =07 and
®/Re = 0'1.

In order to estimate the applicable ranges of
A*/A, and Nu/Nu, obtained above, ¢ and oy
for Pr = 0-7 are shown in Fig. 6. The thickness
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F1G. 6. Nu/Nug vs. (N/y). (Pr = 0-7, w/Re = 0-1).

0 is calculated from equations (30, 32, 35), and
oy is calculated by putting Pr = (-7 in equation
(54). Figure 6 shows how é and J; vary with &
and Re. For ¢ and 4; = 0-6, the correction of
d, is close to 10 per cent in the range where Re
islarge. According to Trefethen’s experiment [ 5]
the critical Reynolds number increases as the
angular velocity of the pipe increases; to 3900
at & =50 and 12600 at & = 500. This fact
shows the effect of the secondary flow stabilizing
the flow and increasing the critical Reynolds
number which is observed also in a curved pipe
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[1] and a heated horizontal pipe [7]. Therefore,
the results of analysis for the laminar region are
still available when Re is considerably large.

However, in the range where @/Re is very
small, it is necessary to take account of the
higher order approximation of é because of a
relatively narrow applicable range bounded by
a low critical Reynolds number and a high value
of é as shown in Fig. 6.

The present results can be used up to about
6 = 06 by considering the correction term
calculated from equation (35). The maximum
error is estimated to be about 5 per cent at the
upper limit of 4.

The applicable range of the present analysis
is also bounded by &/Re < 1/6.

When Nusselt numbers are calculated by
equations (60) and (61), it is necessary to bear
in mind that the availability of these equations
is determined by the value of 4 when é; < 6
and by that of 67 when 6, = 6.

3.2. The analysis under the condition of uniform
wall temperature
3.2.1. Temperature in the flow core. The same
procedure as that used for a curved pipe [6] is
applied to the present problem.
Non-dimensional temperature g is defined by

_T,-T
N Tw - Tm.
The region under consideration is far from the

entrance of the pipe. Hence, T is expressed by
using an eigenvalue ay as follows:

(62)

T, — T oc exp (—apZ).

Therefore, T, — T,, «c exp(—apZ) and it is
found that dg/dz = 0. Putting apa = ay, we
have the energy equation in non-dimensional
form as

0 oqy
+ =0
oy (nq,) " ou oWg

(63)

where g,, g, are expressed in the same form with
those in equation (39). In the core region, we

may put g, = u;g,, 4, = V1g,.
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From equations (7, 9, 63) the energy equation
for the core region is obtained by using the
co-ordinate x = n cos { as follows:

dg,

C
N RV

The solution of equation {64) is
(-9 @

l}lx + -2-
where N is constant.
Since the variation of g, in a cross section is
supposed to be small, g, given by equation (65)
is expanded as follows:

~9)

1/C
i

2 2
% L p\e
Bl 1o

— o
g, = Nexp {TDQ

o

g1=N{1+D

g agAd a |(C apd?] ,
-N{l-f— D +‘2D[(D )-!— I
agd [y (C agA?|

D [2D<D &J>+ 6D |* + ...

(66)

The constant N is determined by the follow-
ing condition derived from equation (62).

z 1
2

-2 0

(67

For g in equation (67), g, of equation (66) is
substituted. When the initial three terms of the
series in the right-hand side of equation (66) are
taken into account, N is obtained as

i

2

N =

3 Qo (68)

1
+SD

1 a5A®
(ﬁ) + § D2
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3.2.2. Temperature in the boundary layer. Tem-
perature in the boundary layer g is given by
equation (43) or {44). But in this case, g,; and
d1s, are obtained by putting respectively x =
(1 —d)cosy and x = (1 — dr)cosy in equa-
tion (60).

The equation corresponding to equation (46)
for the present case is

().~

Substituting equations {43) and (44) into equa-
tion (69) and assuming J, 4y < |, we have

g\ _, 2_2N[ . C >
(&)J”"’L‘B‘E D

%o

y Re Pr (69)

2o
2D

From equation (70), the mean value of (3g/0¢&),
is obtained as

g 2
where
lay (C 1 a?A?
X_”zs(ré”)*z—“pz 0
—1+3_a:aC__é) 1azd” (72
§D\bD +t3 D

Within the range of Re and & under consider-
ation in the present analysis, we may put
X =~ 1. Hence, from equations (69) and (71) the
eigenvalue a, is-determined as follows:

8

%o = ¥5Re Pr (73)
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The boundary-layer thickness ratio { is ob-
tained from the following energy integral equa-
tion of the boundary layer

Pr(a_é) guawfvdé -5 gvdf

é

aofwy dé. (74)

[4]

The first and second terms in the right-hand side
of equation (74) have the order of magnitude
D(oc Nty?) while the third has the order of
magnitude a,A40 = 4/{ Pr. Therefore, in the
region where D is not small, the third term is
negligible. Derivation of the relation between
{,x and Pr is done in the same way as that
shown in the previous section. Following the
same procedure of calculation from equations
(71-73), and bearing in mind that we may put

A
g1+ %Tcos v. (75)

We have the same results as those given by
equations (53) and (54).

3.2.3 Nusselt numbers. According to the defini-
tion of equation (55), the Nusselt number is
expressed by using non-dimensional quantities
as follows:

4 0945
—2—ReP -C_6=_C—<X) (76)

Equation (76) is the same as the following
equation which is obtained as Nu in the first
approximation for the case of a constant wall
temperature gradient

_ 0216 48
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Equation (77) is obtained by multiplying Nu,
to Nu/Nu, in equations (60) or (61) and neg-
lecting the correction terms in the denominator.

We may conclude that the Nusselt number is
almost independent of the wall temperature,
whether it is changing linearly in the axial
direction or kept uniform. But the ratio of Nu
to Nusselt number for Poiseuille flow in the
present case becomes

_Iiu__ 0-258 ( )
Nu, 4 X

which is different from that obtained for the
case of a constant wall temperature gradient
because of the different value of Nu,, in this case
Nu, = 3-66.

(78)

4. CONCLUSIONS

In a straight circular pipe rotating around
the perpendicular axis, Coriolis force causes a
secondary flow perpendicular to the pipe axis.

A fully developed laminar flow field and a
temperature field are analysed theoretically, and
the following conclusive results are obtained.

(1) It is assumed that a large secondary flow
is caused by Coriolis force, and velocity and
temperature distributions are distorted con-
siderably from the symmetrical ones in a
stationary pipe. By assuming a boundary layer
along the wall, the increase in the resistance
coefficient due to a secondary flow is obtained.
The effect of Coriolis force is remarkable when
the value (N/y) is large. The parameter N is the
product of Re and &, where & is the ratio of
Coriolis force to viscous force, and yx, the func-
tion of ®/Re, represents the effect of Coriolis
force in the axial direction caused by the second-
ary flow. The theoretical result is in agreement
with the experimental results obtained in a pipe
of sufficiently large length to diameter ratio.

(2) The analysis of the temperature field is
done by the same procedure as that for flow
field, by assuming a temperature boundary layer
along the wall under the condition of a constant
wall temperature gradient. The ratic of tem-
perature to velocity boundary-layer thickness
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(6¢/d) is obtained as the function of Pr and
&/Re, and Nusselt number formulae including
parameters Pr and @®/Re are obtained to the
second order of approximation for relatively
large (N/y).

(3) The analysis done under the condition of
a uniform wall temperature shows that the
Nusselt number is independent of whether the
wall temperature is changing linearly in the
axial direction or kept uniform.
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Résumé— On a analysé théoriquement des champs d’écoulement laminaire et de température entiérement
développés dans un tuyau tournant rapidement autour d'un axe perpendiculaire, en supposant l'existence
de couches limites dynamique et thermique le long de la paroi du tube. Le coefficient de frottement et le
nombre de Nusselt sont obtenus sans la région dés grandes valeurs de (N/X). Le paramétre N est le produit
de Re et de &, od & est le rapport de la foroe de Coriolis A 1a force de viscosité et X représente I’effet de la
force de Coriolis provoquée par I'écoulement secondaire. On montre que le coefficient de frottement et ie
nombre de Nusselt augmentent de fagon remarquable, A cause d’un éconlement secondaire produit par
la force de Coriolis. On montre aussi ¢n analysant les deux conditions de températures pariétales, c’est-
i-dire, le gradient de température pariétale constant et la température pariétale uniforme, que le nombre
de Nusselt est presque le méme pour ces deux conditions.

Zussmmenfassuag—Das voll ausgebildete Strdmungs- und Temperaturfeld in einem sich schnell um die
senkrechte Achse drehenden Rohr wurde theoretisch analysiert; dazu wurden Geschwindigkeits- und
Temperaturgrenzschichten entlang der Rohrwand angenommen. Der Widerstandskoeffizient und die
Nusselt-Zahl wurden erhalten im Bereich grosser Werte von (N/X). Der Parameter N stellt das Produkt
dar aus Re und &, wobei & das Verhiiltnis von Corioliskraft zu Zahigkeitskraft angibt und X den Einfluss
der Corioliskraft auf Grund der Sekundirstrdmung bedeutet. Es wird gezeigt, dass der Widerstands-
koeffizient und die Nusselt-Zahl infolge der von der Corioliskraft bewirkten Sekundirstrdmung erheblich
zunehmen Die Analyse der beiden Wandtemperaturbedingungen, nfimlich konstanter Gradient oder
einheitliche Temperatur, ergibt, dass die Nusselt-Zah! fiir beide dicser Bedingungen nahezu die gleiche ist.

AHBOTAUNA-—TEOPETHYECKH HBYHAETCA MOXHOCThIO PABUTHI TAMWHAPHHI peruM (IMHAMM-
deckuit u Termonoi) B TpyGe, GwcTpo Bpamawoiedca Bokpyr ocu. [Ipu aTom npexanosaraercs
CYIeCTBOBAHIE JUHAMMYECKOrO M TEINIOBOT0 MOrPAHMYHOrO CI0A. Onpegerens koadduumuent
conporusienna u uncno Hyccensra B o6xactu Goabiuux aHavenudt (N/x). [Mapamerp N ects
npousBefenue Red, rie & -—— OTHOUIGHUE KOPUONMCOBOR CHAM K CHUJIE BABKOCTHM, X YUHTHL-
B3ET BAMAHUE KODHOIMCOBON CHMIH BCAEXCTBMe BTopuuHore noToka. Ilokasame, wro wosd-
$UIUEeHT COMPOTHBICHUA U unciao HyccenpTa 3HAYMTENBHO YBeXWYNBAIOTCA 34 C4ér BTOpMY-
HOTO MOTOKA, BW3BAHHOTO KOpMOamMcoBoft cuioit. ITokasano, uro umcao Hycceapra mouru
OAMHAKOBO A IBYX TEMMEpPATYPHHX YCIOBMH HA CTeHKe : MOCTOAHHHIN TeMiepaTrypHHIt
TpaJsedT u HeU3MEeHHAA TeMNEePaTYPH CTEHKH.



